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Nondestructive Measurements of Complex
Tensor Permittivity of Anisotropic Materials
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Abstract— A namdestructive measurement of electromagnetic
(EM) properties of anisotropic materials using an open-ended
waveguide probe lhas been conducted. Two coupled electric field
integral equations (EFIE’s) for the aperture electric field are
derived and solved numerically by employing the method of
moments (MoM). After the determination of the aperture elec-
tric field, the reiiection coefficient of the incident wave can
be expressed in terms of the EM parameters of the material.
Then, the EM parameters of the material layer can be inversely
determined if the reflection coefficient of the incident wave
is experimentally measured. A series of experiments has been
conducted using the waveguide probe system constructed at
MSU electromagnetic laboratory. The inverse results of the EM
properties of various materials are presented. Finally, the effects
of material parameters on the probe input admittance that cause
problems in the measurement are analyzed.

I. INTRODUCTION

DUE to the rapid advance in material manufacturing, an
increasing dlemand has emerged for accurate nondestruc-

tive measurements of the material parameters, especially for
anisotropic fiber-reinforced composites. Techniques for the
measurement of the material EM properties have been devel-
oped by numerous investigators using various methods. Some
researchers employed an open-ended coaxial probe [1]–[12],
while others used an open-ended waveguide probe [13]–[14].
However, all of them were limited to the measurement of the
EM parameters of isotropic materials.

In this paper, a nondestructive measurement of EM prop-
erties of anisotropic materials using an flanged open-ended
waveguide probe is conducted. We solve the problem directly
by matching boundary conditions at discontinuity interfaces
to constitute two coupled integral equations for the unknown
aperture electric field. We assume that the total electric field
in the probe aperture includes not only a dominant ~EIO

mode but also infinite higher-order modes. The EM field
excited in the waveguide is expressed based on the Hertzian
potentials, while the EM fields in the material layer and the
free space backing the material layer are derived based on
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the concept of eigenmodes of the spectrum-domain transverse

EM fields. After the EFIE’s are formulated,’ the method

of moments (MoM) is employed to convert the EFIE’s to
a matrix equation, and the aperture electric field can then
be accurately determined by solving the matrix equation.
Once the determination of the aperture electric field is found,
relevant quantities such as the reflection coefficient of the
incident dominant wave and the probe input admittance can
be expressed as functions of material parameters.

A series of experiments was conducted to measure the
reflection coefficient or the input admittance of the waveguide

probe system, which is constructed with a flanged, open-
ended X-band waveguide, using a vector network analyzer
(HP-8720B). The Newton-Raphson method is then used to
inversely determine the EM parameters of the material from
the measured probe input admittance. For a layer of anisotropic
material with a diagonal form of the complex tensor permit-
tivity, three measurements are required to determine the three
unknown principal permittivities.

II. PROBLEM DESCRIPTIONAND EFIE’s

The geometry to be studied is shown in Fig. 1 where a
flanged open-ended rectangular waveguide is placed against a
layer of unknown anisotropic material of thickness d backed
by free space. Inside the waveguide region, a dominant TEIO
mode of field is excited and it propagates toward the probe
aperture. In addition to the reflected 7’EIo mode, higher order
modes of fields are excited near the aperture due to the
discontinuity between the waveguide and the material slab.
The electromagnetic wave carried by the waveguide radiates
into the material layer and through the open space backing
it. If the electromagnetic fields in the material layer and the

open space are established based on Maxwell’s equations,
the problem can be solved by matching the fields at the
waveguide-material and the material-air interfaces.

Assuming a suppressed e~ut harmonic time dependence
of the fields, the transverse EM fields excited inside the
waveguide region can be derived as [15]

it = jLJ@ x V,)m + W& (1)

fit = vt:nh – jwp(~ x vt)rIe (2)
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Fig. 1. The arrangement of nondestructive measurement using a waveguide
probe system.

where

( )(llh = a,lo cos ~ e–r’”” + Rer’OZ)
a

is the magnetic type Hertzian potential with n, m =

0, 1, 2, . . . and n and m cannot be both equal to zero

is the electric type Hertzian potential with n, m = 1, 2,. . .;
and

(5)

Note that a 10, A~m and Bmm represent the amplitude of
the dominant TEIO mode, and the unknown TE and TM
higher order modes, respectively; R denotes the reflection

coefficient of the incident dominant mode; and l?e(I’nm ) >0

and lm(rnm ) > 0 are required, for all values of n and m.

The fields external to the waveguide aperture are formulated

directly from Maxwell equations. In an anisotropic space with

a complex tensor permittivity of the form

[1
Czz fzy o

:= fyz fYY o (6)
o 0 e%

the resulting six scalar component equations of V x ~ =
–jwpoH and V x i? = jw? 1? can be reduced to a matrix

equation for the spectrum-domain transverse EM fields as [16]

;T=5.T (7)

where

T = (J%,Ey,rloifiz,qofiy)T (8)

with q. = 120Tr, and

00ab

s=–

H

OOcd
CYp’oo
‘7600

(9)

Therefore, the vector of the spectrum-domain transverse EM
fields in the anisotropic material layer can be expressed as

where Am denotes the unknown coefficient of the mth eigen-

vector, &, which _with a corresponding eigenvalue Am sat-
isfies the relation S s Cm = &i7m. Similarly, the spectrum-
domain transverse EM fields in the free space backing the
material layer are derived as a degenerate eigenvalue problem
of (7) and they are expressed as

where B2 and B4 represent the unknown coefficients of
the forward propagating waves characterized by the same
eigenvalue, &, + .and two different eigenvectors, 7J2a and IJ4G,
respectively.

Applying the boundary conditions at z = d and substituting
unknown coefficients A3 and A4 in terms of Al and A2 lead
(12) to [17]

T = A1(tile~’z + rlZ3eA’z + r3ti4eA4z)

+ A2(ti2e>2z + r2U3eA’z + r4ti4eA’z). (,14)

If we further simplify the expression of (14) at the waveguide
aperture with notations of

[c2, C’4, D2, D4]T = (i72eA2z + r2Z3eA3z + 7-4i74eA4z) I.=O

(16)

the unknown coefficients A1 and AZ can then be expressed
in terms of the aperture electric field by using the orthogo-
nality properties. Substituting Al and A2 into (14) allows the
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transverse aperture magnetic fields in the material side to be

expressed as

+ Nv(k., Itv)
// 1

E;O dkx dkv (17)

where

and

My(k,, Ify) = ‘p C4D1 – C3D2

MO(2T)2 C’IC4 – C2C3‘

Nv(kz,kg)= .
Wp C1D2 – C2D1

.7’r10(2~)2 C1C4 – CZC3

Nz(hz, kv) H .
Wp C3D4 – C4D3

.J’VO(2n)2 CIC4 – CZC3 ‘

Mz(kz, kv) = ‘p
C2D3 – C1D4

J’00(2~)2 CICil – CZC3 “

(18)

(19)

(20)

With a similar technique, the aperture electric field can be
derived from (1) in terms of the amplitudes ale, A.~ and
B “and then th~eseamplitudes can be inversely expressed innm,
terms of the aperture electric field by using the orthogonality
properties [18]. -Consequently the substitution of these ampli-
tudes in the aperture magnetic field derived from (2) leads to
the transverse aperture magnetic fields in the waveguide side as

‘z ‘Z=o-=+;{c’i”(:)-C’osin(;)
~~aEyosin($)dxtdy

- >Txsi” (y)‘Os(?)
nm

(21)

where

//E.0=~~aE..cos(7)sin(7)d.d,(23)

//EvO=~~aE,.’in(Y)cos(F)dxd,(24)

and

*(3(?)Gy(w m) = ~brnm

%z(n, m) = Czv(n, m) ‘

In addition, the relationship between the reflection coefficient
R and the aperture electric field Ego is given as

Matching the tangential magnetic fields across the aperture

z = O leads to two coupled integral equations for the aperture
electric field as follows:

+ ~.(&, L) /’/ 1
E;. dkzdlq = O (27)

=C(~)sin(~). (28)

These EFIE’s are key functions to be used for the further
development.

III. NUMERICAL CALCULATIONAND RESULTS

The EFIE’s for the unknown aperture electric field are
solved by the Method of Moments [19]. The unknown aperture
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electric field components are first expanded into a set of
appropriately chosen basis functions {efl (z. y)} as follows:

(29)

(30)

where the eigenmodes of the waveguide are chosen as the
basis functions. In addition, Galerkin’s technique is used to
convert the EFIE’s to a matrix equation as

(31)

which can be solved by a numerical program for the unknown
expansion amplitudes a,; and bfi of the aperture electric field
components. The evaluation of matrix elements is discussed
in detail in [17] and the numerical results comparing with the

existing results are presented to verify the accuracy of this
technique, as well as the validity of the computer program.

Fig. 2 shows the input admittances of a waveguide probe
when the probe is placed against a layer of quartz with a
dielectric constant of c. = 3.76 and a thickness of 3.3 mm.
Our results are compared to the theoretical and experimental
results of Croswell et al. [20] where they only considered a

dominant TEIO mode in their theoretical calculation. These
figures show that our numerical results compare quite well

with the theoretical value of [20] when only a dominant mode
is considered in the calculation. However, when higher order
TE and TM modes are tiaken into account, our numerical
results match very well with their experimental results, much
better than their theoretical results do. This phenomenon has
also been pointed out by many researchers [10], [21] that a
good convergence can be obtained with a dominant mode plus
three higher order modes (T133u, TE12and T11112) in case of
dealing with isotropic materials.

To check the convergence of our numerical algorithm for
the case of anisotropic materials, we calculated the input
impedance of the probe as a function of frequency when
it is placed at O degree orientation angle against a layer
of anisotropic material with assumed permittivities of c1 =
5.4–jO.3, E2 = 5.8–jO.4 and C3 = 3.8–jl.7. and an assumed
thickness of 2.8 mm. The calculated probe input impedance
is shown in Fig. 3. In this figure, we observe that accurate
results on the input impedance can be obtained using only the
dominant TEIOmode for the probe aperture field; the inclusion

of higher order modes in the probe aperture field does not
improve the probe input impedance. This may indicate that for
the measurement of anisotropic materials. higher order modes
of the probe aperture field do not cause significant effects.
This phenomenon deviates from that observed in the case of
isotropic material as shown in Fig. 2.

IV. EXPERIMENTAL MEASUREMENTS

A waveguide probe system consisting of an X-band open-
ended rectiangtrlar waveguide with cross-sectional dimensions
of 10.16 mm by 22.86 mm terminated on a 46 cm by 46

451 I

1 Theo~ by Croswell et al ~ Xxxx
g Z------- {-----(dominant rnodeon[y) :-- ‘---: --- --

i

I
Preseqt theory ~

15 ------: ----- dcuplnantmodeonly. .:. . ~. ...-.-.
do~mant + 3 higher-order modes —
dominant + 8 ~higher-orber modes ++++‘1

II , , I
7 8 9

Freque~~y (GHz)
II !2 is

(a)

45 -------;---------- -;--- --~ ........
4

14 -..--------------- .:..-....: ...... ... ---
4

7 8 9 i2 Is

Freque~cy (GHz~1

(b)

FJg 2 Comparison of probe input admittances m a function of frequency
with theoretical and experimental results of Croswell et al. [20]. (Quartz
Re(c, ) = 376, thickness = 3.3 mm),

cm metal flange for measuring the complex permittivity of
isotropic and anisotropic materials has been constructed at
MSU electromagnetic laboratory. A vector network analyzer
(HP 8720B ) is connected to the waveguide probe and it excites
a dominant TEIO mode in the waveguide in the frequency

range of 8 GHz to 12 GHz.
The reflection coefficient at the probe aperture is automati-

cally measured and recorded with the network analyzer. As
shown in Fig. 4, the equivalent two-port network between
the probe aperture and the measurement reference plane of
the network analyzer can be characterized by an [S] matrix.
According to [22]–[23]. the scattering [S] parameters of the
equivalent network can be determined via a calibration proce-
dure which employs three reference measurements (typically
uses offset short circuits). With these [S] parameters, the
measured reflection coefficient at the reference plane of a
network analyzer can be converted to the reflection coefficient
at the probe aperture.
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(a)

(b)

Flg.3. Probe input z~dmittauce (theoretical) asafunction of frequency when
theprobe is placed against aknown anisotropic materiaf layer.

After the probe reflection coefficient is measured, an in-
version technique based on Newton’s iterative method [24] is
introduced. Newton’s method, an extension of the Newton-
Raphson method,, is well known to have a key relationship
of

For example, if we use Newton’s method
equations for three unknowns simultaneously,

[1,fl(w, X2, X3)

F(E) = f2(tU, X2, ~3)

f3(~l, ~2, X3)

and

(32)

to solve three
we define

(33)

(34)

3. (35)

I !

i i

unknown
material

reference aperture
plane plane

Fig. 4. Representation of the equivalent two-port network between the
waveguide aperture and the measurement reference plane of a network
anatyzer.

For our problem

I?(2) = i~~(z)– lim (36)

where &(Z) represents three different measured reflection

coefficients or input impedances of the probe at three different

probe +onentations with respect to the material principal axis,

and Rth (Z) represents the three corresponding theoretical

probe reflection coefficients or input impedances calculated

with a set of ii?representing three diagonal components of the

material tensor permittivity. The iterative process of (32) can

be started with an initial guessed values of Z and the final

solutions of :~+1, after (k + I)th iteration, will be reached

when F(Zk+l ) x O is satisfied at some preset accuracy. The

final solutions of ~~+1 are the inversely determined tensor

permittivities of the measured material sample.

A series of experiments was conducted on both isotropic

and anisotropic material layers. The measured results of the

dielectric constant for some known materials, such as air and

teflon slab, were first obtained as shown in Fig. 5 to verify the

technique and the results were found to be quite accurate.

The measured complex tensor permittivities of a sample

of anisotropic material supplied by the Composite Material

Laboratory of Michigan State University, are shown in Fig. 6.
This sample is a six ply unidirectional glass-fiber/epoxy matrix
with a thickness of 2.8 mm. In the figure, there are two sets
of results; the solid lines represent the measured permittivities
obtained by employing three different measurements of the
probe input admittances with the probe orientations of O,
45, and 90 degrees with respect to a principal axis of the
material, and the dashed lines represent data with the probe
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Frequency (GHz)

(a)

Fig. 5. Measm’ed complex relative permittivities of (a) air and (b) Teflon,
e, = 2.046.

orientations of O, 30, and 90 degrees. Both cases give quite

consistent results for the real and imaginary components of

the pertnittivities. The accuracy of the measured results is

satisfactory because the results are consistent with empirically

estimated values.

Fig. 7 shows the measured complex tensor permittivities

of a sample of anisotropic material, manufactured by Boeing

Airplane Company with a thickness of 1.35 mm. This material

sample is made of 20 layers of dielectric fiber/epoxy mat and

the dielectric fiber consists of 98% polyester and 2~o carbon

with a length of 3/4 inch and a very thin diameter. The fibers

are directed in a such a way that it presents some degree of

anisotropic property. The results are determined inversely by
employing three measurements of the probe input admittances
with the probe orientations of O, 30, and 90 degrees with
respect to a principal axis of the material. In the figure,
we only show the real and imag~nary components of the
principal permittivities in the transverse directions, while the

permittivity in the perpendicular direction is omitted because

(a)

(b)

Fig. 6. Measured complex tensor permittivities of an anisotropic materiat
layer (glass-fiber/epoxy) with a thictmess of 2.8 mm. The solid lines represent
the inverse results by employing measurements with probe orientations of O,
45, and 90 degrees with respect to a principat axis of the materiat, while the
dashed lines represent the correspondhg results with O, 30, and 90 degrees.

it is found to be highly unstable giving a value between 10 to
10000 for both real and imaginary components. The difficulty
encountered in this case can be explained by an analysis of
effects of EM parameters on the probe input admittance.

V. ANALYSIS

To determine the effects of EM parameters on the probe
input admittance, we developed the following scheme. Let’s

assume that a waveguide probe is placed against art anisotropic
material layer with three principal complex permittivities of
El = 5.4 – j5.3, e2 = 5.8 – j6.4 and es = 3.8 – j5.7.
For this kind of material, we can first plot the probe input
admittance as a function of the material thickness. If we further
change one of the imaginary components of three principal
permittivities in the calculation, the effects of the specific
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Fig. 7. Measured tensor permittivities of an anisotropic materiat layer (di-
electrlc-fiber/epoxy) with a thickness of 1.35 mm. The results were determined
inversely by employing measurements with probe orientations of O, 30, and
90 degrees with respect to a principal axis of the materiat. The complex
permittivity in the d{rectlon perpendicular to the waveguide aperture was
determined to be unstable and is omitted here.

conductivity associated with the thickness on the probe input

admittance can then be sought.

Fig. 8 shows the theoretical probe input admittance at 10

GHz as a function of the material thickness when the material

conductivity in tlhe x direction is varied. Since the aperture

electric field is dominated by the dominant ‘Tl?lo mode which

has an electric field in the y direction only, changing the

material conductivity in the z direction does not change the

induced current in the material layer, leading to an insignificant

change in the probe input admittance. This phenomenon can

be verified from Ithe figure that shows almost identical curves

for the three different conductivities in the z direction.

At the same frequency, Fig. 9 shows the theoretical probe

input admittance of a waveguide probe as a function of the

material thickness when the material conductivity in the y

direction is varied. Since the electric field of the dominant
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Fig. 8. Theoretical probe input admittances as a function of the materiat
thickness at 10 GHz when the probe is placed against an anisotropic materiat
layer with assumed permittivities and various conductivities in the z direction.

TEIO mode is in the y direction, the change in the material

conductivity in the y direction should cause a great change
in the probe input admittance. We can observe that the probe
input admittances for three different conductivities are highly
distinguishable over a range of material thickness. It is also
noted that when the measured anisotropic material is highly
conductive in the y direction, the probe input admittance
becomes independent of the material thickness because the
material layer essentially becomes a short circuit.

Similarly, Fig. 10 shows the theoretical probe input ad-
mittance of a waveguide probe as a function of the material

thickness when the material conductivity in the z direction is
varied. We found that when the anisotropic material is highly
conductive in the direction perpendicular to the waveguide
aperture, the probe input admittance is nearly independent of
the conductivity in the z direction when the material thickness
is smaller than 1.75 mm. This phenomenon is probably due to
the fact that the induced current in the perpendicular direction



1088 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES,VOL. 44, NO, 7, JULY 1996

1+35 --- . ---,. . --...!..- ----, ..--...1..-......,.. . . . .

{.+
.++.+.:.+.+.+.+.+tt-i+t+t+?t+ ++.++++.+:+“.++++,.

. . . . . . . . . . . . . .:

. . . . . . . . . . .,

-,----
.,. -
000. .. . . . .
+++

(a)

5, 1
---- :. .-. :,/-

~urx50-Oo -.,
a --- .--..,.Q.vo....:...,.. ;~;-_- -. ;..-. -; -----

000 ---
P0mooooo90000”o-0 E:6mvD6n’~0000

~ _, -; . . . . . .. . . . . . . . ... . . . . . . . . . . . . . . ..... . . .. . . . . . . .

g
(> 1

. . . . . . . .

-! ----

., ----

. ... . . . . .

... ----- --“I
I I

I+-25 +++.+.? .+.+.+.+.+.++*++++++ +:++.++++.++ .++++ ++++++.
+, ,+ {

1::::1
-30 I I

o I 2 d 5

Thickn~ss (mm)
6

(b)

Fig. 9. Theoretical probe input admittmce as a function of the material
thickness at 10 GHz when the probe M placed against an an isotropic material
layer with assumed perrnittivities and various conductivities in the y direction

of a thin conducting layer is quite small and is independent of
the conductivity in the perpendicular direction.

The results shown in Fig. 8–10 can provide some reasons
for the failure to determine the permittivity in the z direction,
e3, for the anisotropic material (Boeing) as indicated in Fig. 7.
From Fig. 7, the three principal permittivities are: c1 = 3.5 –
j5, Cx = 3.2 – .j6 and es being unstable (not shown). These
measured permittivities are in the same order of magnitudes as
that used in the examples of Figs. 8–10. In these examples, we
observe that if the material thickness is less than 1.75 mm, a
change in the conductivity in the z direction causes very small
change in the probe input impedance. The thickness of the
Boeing material represented in Fig. 7 is only 1.35 mm. Thus, it
is difficult to inversely determine C3 from the measured probe
input impedance.

Employing a similar scheme to analyze the anisotropic ma-
terial of Fig. 6, we first found that three principal permittivities
at 10 GHz are approximately equal to Cl = 5.1 — JO.2,
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Theoretical probe intmt admittance as a function of the material
thl&ness at 10 GHz w~en the ~robe is placed against an anisotropic material
layer with assumed perrnitt~vitles and various conductivities in the u directimr

E2 = 5.3 – jO.3 and Ez = 2.5 – :jl.7. By assuming the
same order of magnitudes for the tensor permittivity in the
calculation, we can obtain similar results as Fig. 8 and Fig. 9
on the probe input admittance when the material conductivity
is varied in the z and g directions, respectively. However,
when the material conductivity in the z direction is varied,
the theoretical probe input admittance as a function of the
material thickness is shown as Fig. 11. We found that when
the anisotropic material becomes highly conductive in the
direction perpendicular to the waveguide aperture. the effect
of the conductance on the probe input admittance becomes
significant if the material layer is thicker than about 1.75 mm.
Since the thickness of the glass- fiberlepoxy shown in Fig.
6 is 2.8 mm which is thicker than 1.75 mm, we can then
inversely determine three principal complex permittivities of
the glass- fiberlepoxy without any difficulty.

We have measured only three principal complex permit-
tivities, c1, Cz, and e3, in the z, y and z directions. Once
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Fig. 11. Theoretical probe input admittance as a function of the material
thickness at 10 GHz when the probe is placed against an anisotropic material
layer as shown in Fig. 6 with various conductivities in the z direction.

these principal permittivities are determined, the off-diagonal

permittivities, CZY, ez,, 692, and CYZ, can be easily calculated

by a simple rotation of the probe orientation angle [17].

VI. CONCLUSION

This paper presents a technique using a flanged open-ended
waveguide probe to nondestructively measure the EM proper-
ties of either isotropic or anisotropic materials. The numerical
results on the probe input admittances were compared with the
existing results published by other workers and they showed
a good agreement between them, A series of experiments was
conducted on various materials. The EM parameters of the
materials were then inversely determined from the measured
probe input admittance. The inverse results of some known
materials were found to be quite satisfactory. The results on
the tensor permittivities of some anisotropic materials were
found to be reasonable even though their exact values were not

determined before. It was found that to determine the tensor

permittivities accurately, specially that in the z direction, the

thickness of the anisotropic material sample needs to be greater
than some value.

It is believed that the proposed scheme in this paper is

capable of simultaneously determining both the complex per-
mittivity c and permeability p of either isotropic or anisotropic
materials with the waveguide probe system. To eliminate the
air-gap effect around the probe aperture, an extension of
the analysis of the waveguide probe system with a stratified
material layer is suggested for a future study to further improve
the accuracy of the measurement.
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